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ORTHOGONAL POLYNOMIALS FOR THE WEAKLY
EQUILIBRIUM CANTOR SETS

GOKALP ALPAN AND ALEXANDER GONCHAROV

ABSTRACT. Let K () be the weakly equilibrium Cantor type set introduced
in [16]. It is proven that the monic orthogonal polynomials Q2s with respect
to the equilibrium measure of K () coincide with the Chebyshev polynomials
of the set. Procedures are suggested to find @, of all degrees and the cor-
responding Jacobi parameters. It is shown that the sequence of the Widom
factors is bounded below.

1. INTRODUCTION

This paper is concerned with the spectral theory of orthogonal polynomials for
measures supported on Cantor sets with a special emphasis on purely singular
continuous case. It should be noted that Cantor sets appear as supports of spectral
measures for some important Schrodinger operators used in physics (see e.g. the
review [27] and [3]). Nonetheless, here, our motivation is purely mathematical. We
are interested in the following two problems related to orthogonal polynomials on
Cantor-type sets. What can be said about the periodicity of corresponding Jacobi
parameters? What is the notion of Szegé of measures on Cantor sets?

Concerning the first problem, the fundamental conjecture (see [21] and also Con-
jecture 3.1 in [18]) is that, for a large class of measures supported on Cantor sets,
including the self-similar measures generated by linear iterated function systems
(IFS), the corresponding Jacobi matrices are asymptotically almost periodic. Con-
firmation of this hypothesis may allow to extend the methods used in [11, 12] for
the finite gap sets to the Cantor sets with zero Lebegue measure.

Concerning the second question, we mention that the Szeg6 theorem was gener-
alized recently in [10] to the class of Parreau-Widom sets. Such sets may be Cantor
sets, but they must be of positive Lebesgue measure.

We can mention two main directions in the development of the theory of orthog-
onal polynomials for purely singular continuous measures. The first deals with a
renormalization technique suggested by Mantica in [20], which enables to efficiently
compute Jacobi parameters (see e.g. [17, 18, 20]) for balanced measures via a lin-
ear IF'S. Moreover, possible extensions of the notion of isospectral torus for singular
continuous measures can be found in [18, 22].

On the other hand, there is a nice theory of orthogonal polynomials for equi-
librium measures of real polynomial Julia sets (see e.g [4, 5, 6, 7]). This includes
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simple formulas for orthogonal polynomials and recurrence coefficients, and almost
periodicity of Jacobi matrices for certain Julia sets.

Here, we consider a family of Cantor sets K (v), introduced in [16]. A sequence
v = (75)32, serves as a parameter for the considered family of sets. By changing
v we can get sets of different logarithmic capacity and Hausdorff dimension. At
least in known cases, the set K () is dimensional, that is there exists a dimension
function h such that for the corresponding Hausdorff measure A; we have 0 <
An(K(7v)) < oo. By [1], k(4 is mutually absolutely continuous with Aj. This is
not valid for geometrically symmetric zero Lebesgue measure Cantor sets, where,
by [19] and followers, these measures are mutually singular.

We remark that, in the construction of the set, the technique of inverse polyno-
mial images was central. Thus, our results can be compared with [8, 15]. Further-
more, similarities between the results obtained here and for orthogonal polynomial
Julia sets are not mere coincidence. As soon as infy; > 0, K (7) can be considered
as a generalized polynomial Julia set in the sense of Briick-Biiger [9]. Moreover,
some results of this paper can be transferred into a more general setting. For more
details, we refer the reader to [2].

Our paper is organized as follows. In Section 2 we recall some facts from [16]
about K () and show that Qs coincides with the corresponding Chebyshev poly-
nomial. In Sections 3 and 4 we suggest a procedure to find @, for n # 2°. This
allows to analyze the asymptotic behavior of the Jacobi parameters (a, )52 ;. Note
that, if one can obtain a stronger version of Theorem 4.7 by showing that the limit
of ajosyn hold uniformly in n and j as in [6], this would imply that the Jacobi
matrices considered here are almost periodic provided that sup~y; < 1/6.

Since Cap(K (v)) is known, we estimate (Section 5) the Widom factors W,, :=
% and check the Widom condition, that characterizes the Szeg6 class of
Jacobi matrices in the finite gap case. In the last section we discuss a possible
version of the Szegd condition for singular continuous measures. At least for v <
1/6,s € N, the Lebesgue measure of the set K (v) is zero, so it is not a Parreau-
Widom set and the Szegé condition from [10] cannot be applied.

For the basic concepts of the theory of logarithmic potential see e.g [25], log
denotes the natural logarithm, Cap(-) stands for the logarithmic capacity, 0° := 1.
We denote {1,2,...} by N and NU {0} by Np.

2. ORTHOGONAL POLYNOMIALS

Given a sequence v = (75)%%; with 0 < 5 < 1/4 define ro = 1 and ry = y,72_;.
Let

(2.1) Pi(z):=2—1 and Pyst1(x) := Pos(x) - (Pas(x) + 75)

for s € Ny in a recursive fashion. Thus, Py(z) = z - (x — 1) for each -, whereas,
for s > 2, the polynomial Ps- essentially depends on the parameter . For s € Ny
consider a nested sequence of sets

2 -
By ={z €R: Ppoi(z) <0} = <P n 1) (L,1)) = U2, 1.,
where I ; are closed basic intervals of the s—th level which are necessarily disjoint.
Let I; s stand for the length of I; ; where we enumerate them from the left to the
right. By Lemma 2 in [16], maxi<j<2:l; s — 0 as s — oo. Therefore, K(v) :=
N2y Es is a Cantor set.
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By Lemma 6 in [16],

Y1oYs < lis < exp (16nyk>fyl...%, 1<4<2%,
k=1

provided v, < 1/32 for all k. Then the Lebesgue measure |Ey| of the set E; does

not exceed (y/e/16)°. Here, |K(v)| = 0 and, by [10], K(v) is not a Parreau-Widom

set. In Section 4 we will show that |K(v)| = 0 as well if v, < 1/6 for all k.

On the other hand, by choosing ()32, sufficiently close to 1/4, we can obtain
Cantor sets with positive Lebesgue measure. What is more, in the limit case, when
all v, = 1/4, we get Es = [0,1] for all s and K(v) = [0,1] (see Example 1 in [16]).

In addition, using Green function g¢\ k() (see Corollary 1 and Section 6 in [16]),
one can easily find Cap(K(y)) = exp (ZZ’;I 27" 1og fyk.). In the paper we assume
Cap(K(v)) > 0. Let pg(4) denote the equilibrium measure on the set, || - || be
the norm in the corresponding Hilbert space. From Corollary 3.2 in [1] we have
pi(y) (L) = 27° for all s and 1 < j < 2°, provided vy, < 1/32 for all k.

From now on, by @, we denote the monic orthogonal polynomial of degree
n € N with respect to pg(y). The main result of this section is that, for n = 2° with
s € Np, the polynomial @,, coincides with the corresponding Chebyshev polynomial
for K (7). The next two theorems will play a crucial role.

Theorem 2.1 ([16], Prop.1). For each s € Ny the polynomial Pas + 15/2 is the
Chebyshev polynomial for K (7).

Remark 2.2. Only the values s € N were considered in [16]. But, clearly, for s =0
the polynomial P;(z) +1/2 = x — 1/2 is Chebyshev.

Remark 2.3. Since real polynomials are considered here and the alternating set for
Py: + 75/2 consists of 2° + 1 points, the Chebyshev property of this polynomial
follows by the Chebyshev alternation theorem.

Theorem 2.4 ([26], III.T.3.6). Let K C R be a non-polar compact set. Then the
normalized counting measures on the zeros of the Chebyshev polynomials converge
to the equilibrium measure of K in the weak-star topology.

For s € N, the polynomial Pys + ry / 2 has simple real zeros (xk)zll which are
symmetric about = 1/2. Let us denote by v, the normalized counting measure
at these points, that is vy = 27° Zk;1 Oy -

Lemma 2.5. Let s > m with s,m € Ng. Then f (PQm + %) dv, = 0.
Proof. For m = 0 we have the result by symmetry. Suppose m > 1. By (2.1), at
the points ()7, we have
Pye + % = (Pye-1)? + 751 Ppocr + % = 0.
The discriminant of the equation is positive. Therefore, the roots satisfy
(Pao-t +g_q)(Pyet +al_1) =0,

where al_; +a? | =rs 1 and 0 < al_;,a2_; < rs_1. Thus, a half of the points
satisfy Pye—1 + al_; = 0 while the other half satisfy Pye-1 +a?_; = 0.
Rewriting the equation Pys—1 + al_; = 0, we see that

P 4 rs 9Py 2+al_; =0.
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Since 72_5 > 4rs_1 > 4al_;, this yields
(Pyems +al o) (Pys—2 +a2 ,) =0

with ol 5+ a2 5, =75 and 0 < al_,,a?_, < rs_s. By the same argument, the
second half of the roots satisfy

(Pyo—2 + a3 _5)(Pye2 + a_5) =0

with a3_5+a? ,=r; sand 0 < a’_,, a5, <7y o.

Since at each step 72 ; > 4r; we can continue this procedure until obtaining
Pym+1. So we can decompose the Chebyshev nodes (l‘k)%:l into 2°7™~1 groups.
All 27%! nodes from the i—th group G; satisfy

Pymir + ol 0 =0, 0<al, ) <7y
By using these 25~™~! equations we finally obtain

where o271 4 2! = r,,. Thus, given fixed ¢ with 1 <1 < 257™~1 for 2™ points

from the group G; we have Pym = —a2i~! whereas for the other half, Pym = —a?i.
Consequently,
27 omy2ie1 2i
T T Dol 2" (—« —a) Ty
Py 7)d5= Pomdy, + 11 = Zei=1 m m)  Tmo_ g
/ ( om + D) 1% / 2 Vg + B 9s + 2 0
O

Lemma 2.6. Let 0 <y <ig <...i, <S. Then

n

(a) /P%P% . Pyindyy = /Pzildz/s/Pwdus.../Pzindz/s =" ] %
k=1
Tiy Tiz oy T —
(b) / Pyiy + (P212+ : )...(P% : )dus 0.

Proof. (a) Suppose that i; > 1. As above, we can decompose the nodes ()7,
into 257" 1 equal groups such that the nodes from the j—th group satisfy
an equation

(Pyir + 277 (Pyir +0}7) =0
with 042] Ty a?f = r;,. If, on some set, (Porx + )(Pyx + ) = 0 with
a+ B =rg, then Pyyr = P22k + Por 1, = —af. Hence, for each i € N, the
polynomial P,k+: is constant on this set. Therefore the function Piyi, . .. Poi,
takes the same value for all xj from the j—th group. This allows to apply
the argument of Lemma 2.5:

/ Pyiy Pyiy ... Pyindyy = — 2 / Pyiy Py ... Poin dus.
This equality is valid also for i; = 0 since

/<P1+ )P272~~P277ndVS:0’

by symmetry. Proceeding this way, the result follows, since —r,,/2 =
J Pomdvs, by Lemma 2.5.
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(b) Opening the parentheses yields

n r;
/P2111P21-2...P2,-ndus+;;/szijdys+...+

Tix
: 2
Jj#k k

n
=1

By Lemma 2.5 and part (a), this is

O

Remark 2.7. We can use py(y) instead of vs in Lemma 2.5 and Lemma 2.6, since,
by Theorem 2.4, vs— g () in the weak-star topology.

Theorem 2.8. The monic orthogonal polynomial Qs with respect to the equilib-
rium measure fig () coincides with the corresponding Chebyshev polynomial Pes +
rs/2 for all s € Ny.

Proof. For s = 0 we have the result by symmetry. Let s > 1. Each polynomial
P(x) of degree less than 2° is a linear combination of polynomials of the type

(Por@)+ =2 (P + 2) (m _ ;)”

with n; € {0,1}. By Lemma 2.6, Ps= + 1, / 2 is orthogonal to all polynomials of
degree less than 2°, so it is Qas. O

By (2.1), we immediately have
Corollary 2.9. Qge+1 = Q3. — (1 —27541)72/4 for s € Ny.

3. SOME PRODUCTS OF ORTHOGONAL POLYNOMIALS

So far we only obtain orthogonal polynomials of degree 2°. We try to find Q,,
for other degrees. By Corollary 2.9, since [ Qqs+1 dpg () = 0, we have

(31) Qa1 = [ @iy = (1= 290) 2/
and
(3.2) Qos+1 = ng — HQgst, Vs € Np.
Our next goal is to evaluate [ Adpf () for A-polynomial of the form
(3.3) A= (Qasn )™ (Qaen—1) .. (Q2e1)™,
where s, > s,_1 > ... > s1 > 0and iy,49,...,4, € {1,2}.

The next lemma is basically a consequence of (3.2).

Lemma 3.1. Let A be a polynomial satisfying (3.3). Then the following proposi-
tions hold:

(a) If iy, = 2 then /AduK(W) = ||Q2sn

\Q/ng?;ffl Qb dpig ().
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(b) Suppose that n = k +m with i, = ip_1 = ... =igt1 = 1 and i, = 2. In
addition, let sp4; = s + 3 for 1 < j <m. Then

/AdﬂK(w) = [|Qa: |2/Q§5551 c Qub k(-

(¢) Ifir, =1 and s > sp—1+2 for some k € {2,3,...,n}, then/Ad,uK(,Y) =0.

(d) If iy = 1 then /Ad,uK(w =0.

Proof. (a) Using (3.2), we have Q3., = Qgent1 + [|Qa:n
follows since the degree of Q;?n‘fl -+ Qgt, is less than 25711,

|2. The result easily

(b) Here A = Qoen Qaen—1 -+ Qoept1Q36, - P with P = Q.5 -+~ Q3% . Observe
that deg P < 2%:-1%2 < 2%k+1 We apply (3.2) repeatedly. First, since
Sp+1 = S + 1, we have Q3, = Qosrr1 + ||Q2sx ||, Similarly, Qgey+1Q3, =
Qasr+2 +||Qasrtr | |2+ Qosrsr [|Q20r ||2. After m steps we write A in the form
(Qasn+1 + ||Q2sn ||? + £) P, where L is a linear combination of the polyno-
mials Qasn, QasnQoon—1, ,Qoon Qoen—1 -+~ Qoort1. Here, 257 > 2571 1
---2%+1 4 deg P. By orthogonality, all terms vanish after integration, ex-
cept ||@Q2sn ||? P, which is the desired conclusion.

(c) Let us take the maximal k with such property. Repeated application
of (a) and (b) enables us to reduce [ Adug() to C [ Aydug(, with
C > 0and A; = Qo+ Qoo - R, where R = QU5%, -~ Q% with
deg R < 2°+-1%2 < 2%¢ Comparing the degrees gives the result.

(d) Take the largest k with iy = iy = --- =i, = 1. Then, as above, [ Adp () =
C- [ Qs -+ Qas1dpg(y) = 0, since the degree of the first polynomial ex-

ceeds the common degree of others.
|

Theorem 3.2. For A—polynomial given in (3.3), let ¢y = (i, —1)****=1~1 and ¢ =
15—, ck. Here, so := —1 and iny1 == 2. Then [ Adpg(,) = c-[[p_y [|Qar|[*r+171.

Proof. First we remark that ¢ € {0,1}. Clearly, ¢; = (i; — 1)** = 0 if and only if
i1 = 1. For k > 1 we get ¢, = 0 if and only if i = 1 and s > sp_1 + 1. Therefore,
¢ =0 just in the cases (¢) and (d) above.

Let us show that the procedures (a) — (d) of Lemma 3.1 allow to find [ A dpif(+)
for all values of (ix)}7_, and (sg)}_, stated after (3.3). Consider the string 7 =
{in,in—1, -+ ,i1}. If iy = 1 then ¢ = 0 and [ Adpg(,) = 0, by (d), so the result
follows. Suppose 77 = 2. Then we can decompose Z into substrings of the types
{2}, {1,2},--- ,{1,--- ,1,2}. The number and the ordering of such substrings may
be arbitrary. We go over substrings of Z in left-to-right order. If we meet {iy}
with i = 2 then we use (a). Observe that here ip41 = 2 if k # n. Hence this
substring contributes a term ||Qyx||? into the product representing [ A dp (). For
a general substring {ig, -« ,ik—m} With iy = -+ = ig_my1 = 1, ig—m = 2 we also
have iy41 = 2 provided that k # n. Consider the corresponding values s; for
k —m < j < k. Suppose that these numbers are consecutive, that is s;11 = s; +1
for k—m < j < k—1. Then we use the procedure (b). In this case, ix11 —1 = 1 and
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ij41 —1=0for k —m < j < k— 1. As above, the substring gives a contribution
Q2+ ||? into the common product. Otherwise, sj41 > s; + 2 for some j. Then,
by (¢), [ Aduk(yy = 0. On the other hand, here, ¢ = ¢; = 0, so the desired
representation for [ Adyg (- is valid as well. O

Corollary 3.3. For A—polynomial given in (3.3), let A = A; - Qélsl, so Ay con-
tains all terms of A except the last. Suppose iy = io = 2. Then fAduK(ﬂ{) =
1Qaer [? [ A dpire (.-

We will represent @, in terms of B-polynomials that are defined, for 2™ < n <
2m+1! with m € Ny, as

By = (Q2m)"™ (Qam-1)"" ... (Q1)™,

where 45 € {0, 1} is the k—th coefficient in the binary representation n = i,, 2™ +
o .

Thus, B, is a monic polynomial of degree n. The polynomials B(a1).2¢ and
B(2j41).2m are orthogonal for all j,k,m,s € Ng with s # m. Indeed, if min{m, s} =
0 then [ Bkt1).2¢ B2j+1)-2m dpii(y) = 0, since one polynomial is symmetric about
x = 1/2, whereas another is antisymmetric. Otherwise we use Lemma 3.1 (d). By
(a), we have

m m
|1Bn|” = H Qo | = H Q2 |2
k=0 k=0,i, 70

Theorem 3.4. For eachn € N, let n = 2°(2k+1), the polynomial Q,, has a unique
representation as a linear combination of Bas, B3.gs ..., Bag_1).2s, Bakt1).25-

Proof. Consider P = agBas + a1Bz.2s + ... + ag—1B@kr_1).2s + B(2ky1).2¢, where
(U;j)?;é are chosen such that P is orthogonal to all B(g;1y2s with j =0,1,...,k—1.
This gives a system of k linear equations with & unknowns (aj)f;é. The determi-
nant of this system is the Gram determinant of linearly independent functions
(B(2j+1)25)§;01. Therefore it is positive and the system has a unique solution. In
addition, as was remarked above, P is orthogonal to all B(gj1).0m with m # s.
Thus, P is a monic polynomial of degree n that is orthogonal to all polynomials of
degree < n, so P = Q. O

Corollary 3.5. The polynomial Qas(2x41) s a linear combination of products of
the type Qasm Qosm-1 -+ - Qas, so the smallest degree of Qqs; in every product is 2°.

To illustrate the theorem, we consider, for given s € Ny, the easiest cases with k <
2. Clearly, QQS = Bgs. Since Bg.gs = QQS Q2s+1, we take Q3.25 = aOst +Q25+1 Q257
where ag is such that [ Qs.2: Q2¢ diig () = 0. By Lemma 3.1,

Q212
Q320 = Qast1Q2s — 5 >—— Qo=
[|Qa: |7
Similarly, Bs.os = Q25Q25+2 and Q5.Qs = aoQgs + CLlQ25+1 QQs =+ QQs Q25+2 with
Q42| _ [1Q2 [
ao a1 = —Qao

Qe [t = [1Qae+1 12 Qs[>

Using (3.1), all coefficient can be expressed only in terms of (7). As k gets
bigger, the complexity of calculations increases.
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Remark 3.6. In general, the polynomial @,, is not Chebyshev. For example, Q3 =

Q1(Q2 + ap) with ag = —%. At least for small 7;, the polynomial Q5(z) =
(x —1/2)(z* — x + 71 /2 + ap) increases on the first basic interval I; 1 = [0,111].
Here, 11 is the first solution of P, = —ry, s0 l11 = (1 — /1 —4v)/2. If Q3 is
the Chebyshev polynomial then, by the Chebyshev alternation theorem, Q3(l1.1) =

Q3(1), but it is not the case.

4. JACOBI PARAMETERS

Since the measure jif () is supported on the real line, the polynomials (Q,)5%
satisfy a three-term recurrence relation

Qn-‘rl(x) - (Z‘ - bn—i—l)Qn(x) - ai Qn—l(x); n c I\IO-

The recurrence starts from @ _; := 0 and Qo = 1. The Jacobi parameters {a,, b, }°2 ;
define the matrix

b1 aq 0 0
ay bg a2 0 N
(41) 0 as bg as ... )

where jifc () is is the spectral measure for the unit vector d; and the self-adjoint op-
erator J on l2(N), which is defined by this matrix. We are interested in the analysis
of asymptotic behavior of (a,)nZ. Since g (4) is symmetric about x = 1/2, all b,
are equal to 1/2. It is known (see e.g. [30]) that a,, > 0, ||@n|| = a1 - - ayn, which,
in turn, is the reciprocal to the leading coefficient of the orthonormal polynomial
of degree n.

In the next lemmas we use the equality [ Qn Qm Qnim dlir(y) = [Qnaml|?,
which follows by orthogonality of Q.4+, to all polynomials of smaller degree.

Lemma 4.1. For all s € Ng and k € N we have

[|Qgs+15]?
Q25(2k+1) = Q28 ) Q25+1k - m Q28(2k71)~

2
Proof. Consider the polynomial P = Qgs + Qost1) — MQM%,D.Sime

deg (Q2s - Qast1%) > deg Qas(2k—1), it is a monic polynomial of degree 2°(2k + 1).
Let us show that P is orthogonal to @, for all n with 0 < n < 2%(2k+1). This will
mean that P = Qgs(2k41)-

Suppose 0 < n < 2%(2k — 1). Then orthogonality follows by comparison of the
degrees.

If n = 2°(2k — 1) then [ PQ, dpg(y) = 0 due to the choice of coefficient of the
addend in P and the remark above.

Let 25(2k — 1) < n < 2%(2k +1). We show that [ Q2s Qas+1 Qn dig(y) = 0. We
write k in the form k = 29(2{+ 1) with some ¢,! € Ny. In turn, n = 2™(2p+ 1) with
m # s. By Corollary 3.5, QQ9s+1, is a linear combination of products of Qys; with
min s; = s+ 1+ ¢ in every product. Similarly for @, but here the smallest degree
is 2™. Therefore, Qas Qos+1 @y is a linear combination of A—polynomials and for
each A—polynomial the exponent of the smallest term is 1. By Lemma 3.1(d), the
corresponding integral is zero. (I
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Lemma 4.2. For all s € Ng and k € N we have
2 2 2 2 2 2 _ 2
s (2k41) @25 (2k41)—1 """ A2s+1gp1 T Astip Apstig_q " Aost1p_gs ] = Q257

Proof. By Lemma 4.1 and the remark above,

Q s+1 4
(4.2) ||Q2x 2111 I1? :/Qgs Q31K (y) — NQerill” 5
Q25 2k—1) |l
Let us show that
/ Q3 Qerrypirc sy = [|Qo | 2l|Qaresil >

If k = 2™, we have this immediately, by Lemma 3.1(a).

Otherwise, 2571k = 2™(2] + 1) with [ € N and m > s + 1. Then, by Corollary
3.5, Qas+1 is a linear combination of products Qasq - -+ Qa5 - - - Qom With s; > m
except the last term. From here, Q3,.1, = Q3. -> a; Aj, where > a; A; is a linear
combination of A—type polynomials with s; > m for each A;. Therefore,

1Qae+1ill* =Dy /Angm dpi (4)-
On the other hand,
/Qgs Q5 ipliirc () = ZO‘J‘/AJng Q3: dpizc()-

By Corollary 3.3, this is ||Qas||?||Qas+1||*-
Therefore, (4.2) can be written as

Q2 21 I* 1o |2 — [Qas+11]?
|Qas+1x 1 1Q2s 261y >
which is the desired result, as a, = ||Qn| / |Qn-1- O

Theorem 4.3. The recurrence coefficients (ay),., can be calculated recursively by
using Lemma 4.2 and (3.1).

Proof. We already have a1 = ||Q1]| and a2 = ||Q2]| / [|Q1]]. Suppose, by induction,
that all a; are given up toi =n. If n+1 = 2% > 2 then

|| Q2

HQQs—lH cQ2s—141 " QAos—149 " A2s_1

(43) Ap4+1 =

)

where the norms of polynomials can be found by (3.1).
Otherwise, n + 1 = 2°(2k + 1) for some s € Ny and k € N. By Lemma 4.2, we

have
2 2 2
(4.4) 2= a2 _ [Qas [I* = agusry, - A5er1g 9o iy
: n+1 = ¥25(2k+1) — a2 cea2 )
25 (2k+1)—1 254141

provided s # 0. If s = 0 then the denominator in the fraction above is absent. This
gives a, 41, since the recurrence coefficients are positive. ([

In order to illustrate the theorem, let us consider the cases of small s.
If s =0 then n+1=2k+1and a3, , = af — a3;,. Next, for s =1 and s = 2,

2 o |Q2|* — a3), a3y, 2 o |Qal? — a3;, ag)._1 ad),_» a3y 3

a4k+2 = , a8k+4 = etc.

3

2 2 2 2
Ay Agk+3 A8k 42 I8k 11
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_ V127 _ V127 2 2 _ mv2V/1-2vs 2 _ 2 2
Thus, a1 = » G2 = = V1 ai=a?—-d3, ays = o I, 0 @5 = 01 — aj,
etc.

Remark 4.4. If v, < 1/4 for 1 <n < s and 7, =1/4 for n > s then K(y) = E; =
(2Py: /rs+1)71[—1,1]. Here (Pan +7,/2)5%, are the Chebyshev polynomials for Ej,
as is easy to check. Therefore Theorems 2.8 and 4.3 are applicable for this case as
well. For further information about Jacobi parameters corresponding equilibrium
measures of polynomial inverse images, we refer the reader to the article [15].

Remark 4.5. Suppose 7, = 1/4 for n < N with 2° < N < 25%1. Then a; = 1//8
and ag = a3 =+ -+ = ags+1_1 = 1/4. In particular, if v,, = 1/4 for all n then a,, = 1/4
for all n > 2, which corresponds to the case of the Chebyshev polynomials of first
kind on [0, 1].

Lemma 4.6. Suppose s < 1/6 for all s. For fized s € Ny, let ¢ = % and

C = Wﬁ' Then the following inequalities hold with k € Ny:
(a) If n = 25(2k 4+ 1) then

1 -

31Q I < CTHIQze|” < a7 -+ 0 e < 1|Q2e
(b) If n = 2°(2k + 2) then
2 2 e lQenl? _lQuenl?

e Al _os <
n n—25+4+1 HQQ“ ||Q2"‘

Proof. Note that, if vs41 increases from 0 to 1/6, then ¢ increases from 0 to 1/4
and C increases from 1 to 2. By (3.1) and the definition of r, we get

2

a

| 2s+1||2 2 2 1= 279549 2
Qootll® o 2 1= 2740 4.
[Qel>” T T2y /

We proceed by induction. For a fixed s € Ny, let £ = 0. Then we have at once
2 [[Qae+ 12

and e = o,

Suppose (a), (b) are satisfied for k& < m. We apply Lemma 4.2 with k =m + 1 :

(4.5) = (1= 29s42) ¢ [| Q20 |1” < [|Q2-

a3 --a? = Qa2

2 2 2 2 _
A%s(2m+3) """ 025 (2m+2)+1 T 025 (2m+2) """ G2s(2m+2)—2541 = [ Qas

)

where for the addend we can use (b) for k = m. Therefore,

olQees |

HQ 2 <a2>(2m+3) a§5(2m+2)+1§”Q25”2a

1Q2+

which is (a) for k =m + 1, by (4.5).

Next, we claim that
2 2 2
(4.6) s (amia) " G5 (2amp2)r1 < [|Q@aerr |
for m € Ng. If m = 2] + 1 then we use Lemma 4.2 with s + 1 instead of s :
a§s+1(2k+1) ’ "a§s+2k+1 + positive term = ||Qqat1 1%,

which implies (4.6), if we take k =1+ 1, as 22k + 1) =2m + 4, 4k =2m + 2.
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Suppose m is even. Lemma 4.2 now gives

positive term + a3eiay, - Gyepzg_oer1pq = ||Qass1]?,
where we take kK = m/2 + 1. Thus, (4.6) holds true in both cases.
Putting together (a) for k = m + 1 and (4.6) we get (b) for k=m+1 . O

Theorem 4.7. Let vs < 1/6 for all s. Then lim aj.9s4y = an for j € N and
S§— 00

n € Ng. Here, ag := 0. In particular, liminf a,, = 0.

Proof. We first show that lim aj.o: = 0 for all j € N. Let j = 2!(2k + 1) where
§—00

k,l € Ny. For s > 0, the Jacobi parameters admit the following inequality by
Lemma 4.6(a):

(4.7) a§S+l(2k+1) e a§S+l+1k+1 < Qo]

If i < s+ 1 where i € Ny, we have 2572k + 1) — 2¢ = 2/(25F1-9(2k + 1) — 1).
Since 271=%(2k 4+ 1) — 1 is a positive odd number, by Lemma 4.6(a), we have the
inequalities

1
X
We multiply these s + [ inequalities side by side:

2 2 2 P
S a25+,(2k+1)_2i e a25+1(2k+1)_2i+1+1 fOI" 1 = O, A +l — 1

275 Qo |1 < @i (apa)—1 " Gaetibtfp
and use (4.7):

2s+l||Q o H2

2 2 :

A5 9s = Uos < .
32 274 (2k+1) [Qast1-1112[|Qasti—2 12 .. . |Q1]?

By (4.5), the fraction above is bounded by 27*~!*2. Thus, lim aj.0s = 0.
S§—>00
If n =1 then a§,25+1 =a? - a?_Qs — a?, which is our claim.

Suppose, by induction, that lim aj.9s4n = a, forn =0,1,...,m and all j € N.
S—00

Let m+1=2P(2g+ 1) where p,¢g € Ng. If g=0then j-2°+m+1=75-2"P 41,
so we get the case with n = 1. Thus, we can suppose ¢ € N. Then j-2°+m+1=
2P(25H=P(2k + 1) + 2¢ + 1) and, for large enough s, we can apply Lemma 4.2:

2 2 2 2 2 2
525 410525 4m " Qj.os pmo2p 41 T Qf2s ym0p * " Qjgs 1 —optl = @207
Here all indices, except the first, are of the form j -2° +n with n < m + 1.

Therefore, by induction hypothesis, a?,zs 4n — Gn @s s — 00 and
: 2 2 2 2 2 2
(.sll>rgo a’j-23+m+1) [ ) N | + Qpy—2p " ° a‘m+1—21’+1 = HQQI’ || .
On the other hand, if we apply Lemma 4.2 to the number m + 1, then we get the
same equality with a2 instead of lim, o a?,23+m+1. Since all aj are positive,
we have the desired result. O

Remark 4.8. Since liminf a,, = 0, by [14], pg(,) is purely singular. In particular,
this implies that g () is purely singular continuous since the equilibrium measure
can not have isolated point in its support. Moreover, absence of a non-trivial
absolutely continuous part of the equilibrium measure, by [24], guarantees that the
support has zero Lebesgue measure. Thus |[K(y)| =0 if 75 < 1/6 for all s € N.
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5. WIDOM FACTORS

A finite Borel measure p supported on a non-polar compact set K C C is said
to be regular in the Stahl-Totik sense if nhﬁrrgo ||Qn|\% = Cap(K) where @, is the
monic orthogonal polynomial of degree n corresponding to p. It is known (see,
e.g. [28, 31]) that the equilibrium measure is regular in the Stahl-Totik sense.
While [|Q,||* / Cap(K) has limit 1, the ratio W,, = ||Q,| / (Cap(K))™ may have
various asymptotic behavior. We call W,, the Widom factor due to the paper [32].
These values play an important role in spectral theory of orthogonal polynomials
on several intervals. .

Let E = [a, f] \ U(O‘i’ B;) where a, 8 € R and the intervals (a;, 5;) are disjoint

i=1
subsets of [a,5]. Let du = f(t)dt on E and (a,)22; be the Jacobi parameters

corresponding to . Then [12]

. ay...ay
5.1 log f(t)dug(t) > —oc0 <= limsup ————
6.1) [ 1o f®duete msup gL

For further generalizations and different aspects of this result, see [10, 12, 13, 23, 29].
We already know that Cap(K (7)) = exp (>, 2 % logvk). In terms of
(k)52 we can rewrite ||Q2<|| as

VI— 2, a
(5.2) Vo~ Vet exp <23 Z 2% log ’yk> .

2
k=1

> 0.

Therefore,
V31— 2,
(5.3) W = e > V2,
2 exp (Zk:SJrl 25—k Jog 7;€)
since 75 < 1/4. The limit values v, = 1/4 for all s give the Widom Factors for the

equilibrium measure on [0, 1].
Clearly, (5.3) implies that limsup W,, > 0. If 75, < 1/6 for all s then

(5.4) Was > V6.
Let us show that, in this case, liminf W,, > 0.

Theorem 5.1. Let (Wy)p2, be Widom factors for pig () where vs < 1/6 for all s.

Then
(a) liminf Wys = liminf W,,.
S— 00

n— oo

(b) limsup W, = co.
n—oo

Proof. (a) We show that W,, > Was for 2° < n < 25FL. Let n = 2° 4 251 +
e+ 2% with s > 51 > 89 > ... > §,,, > 0. Then we decompose the product
ay -+ ap into groups (aj -+ - ags)-(agst1 - @sy01 )+ (Ags g yosm—141 " Ap).
For the first group we have aj - - - ags = ||@Qa2+|]. For the second group we use
Lemma 4.6(a) with n = 25 + 2% : age 1 - ags yos1 > ||Qos1||/v/2. Similar
estimation is valid for all other groups. Therefore,

Wn

ay - --ags A2s41 - A2s 4251 o Agsy...425m—141 """ Qp
Cap(K(7))*  Cap(K())*" Cap(K(v))>"
Wos Wasr -+ Woem (V2) ™™,

v
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which exceeds Was(v/3)™, by (5.4). From here, ming: <,,<os+1 W,, = Was
and the result follows.

(b) Applying the procedure above to Was_; and taking the limit gives the
desired result.
O

In order to illustrate the behavior of Widom factors, let us consider some exam-
ples. Suppose vs < 1/6 for all s.

Example 5.2. If v4 — 0 then W,, — co. Indeed, Was > % exp(% log %1“ ).

Example 5.3. There exists 75 - 0 with W,, — oo. Indeed, we can take o, =
1/6, Y2k—1 = ]./k

Example 5.4. If 75 > ¢ > 0 for all s then liminf, . W,, < 1/2c.

Example 5.5. There exists v with infy, = 0 and liminf,,_, ., W,, < co. Here we
can take v, = 1/6 for s # s, and vs, = 1/k for a sparse sequence (s;)72 ;. Then
(Wasi )72, is bounded.

6. TOWARDS THE SZEGO CLASS

The convergence of the integral on the left-hand side of (5.1) defines the Szeg6
class of spectral measures for the finite gap Jacobi matrices. The Widom condition
on the right-hand side is the main candidate to characterize the Szegé class for the
general case, see [10, 23, 29).

For the definition of regularity for the Dirichlet problem, see e.g. Chapter 4
in [25]. The equilibrium measure is the most natural measure in the theory of
orthogonal polynomials. In particular, for known examples, the values limsup W,
associated with equilibrium measures are bounded below by positive numbers. So
we make the following conjecture:

Conjecture 6.1. If a compact set K is reqular with respect to the Dirichlet problem
then the Widom condition W,, - 0 is valid for the equilibrium measure pg.

Concerning the Szeg6 condition, one can conjecture that the left-hand side of
(5.1) can be written as

(6.1) 1) = [ og(dn/dpic)dpsc(®) > .

provided that the support of p is a perfect non-polar compact set. Indeed, for
the finite gap case, this coincides with the condition in (5.1), since the integral
[ log(dpk /dt)dpk (t) converges. By Jensen’s inequality (see also Section 4 in [12]),
the value I(u) is nonpositive and it attains its maximum 0 just in the case p = g
a.e. with respect to px. On the other hand, there are strong objections to (6.1),
based on the numerical evidence from [18], where, for the Cantor-Lebesgue measure
pter on the classical Cantor set Ky, the Jacobi parameters (a,) were calculated
for n < 200.000. The Widom factors for such values behave as a bounded below
(by a positive number) sequence. Therefore, if we wish to preserve the Widom
characterization of the Szeg8 class, the integral I(ucr) must converge, but, since
ter and pg, are mutually singular, it is not the case.
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